We study the emissions of massive scalars and charged Dirac spinors from (4 + 1)-dimensional rotating Gödel black hole via complex path analysis of semiclassical tunnelling approach. To analyze spinors we present a suitable choice of basis expansion for the γ-matrices. Ignoring the back reaction of the matter we calculate the emission probabilities in the zeroth order approximation of the semiclassical theory. The Hawking temperature is found to be proportional to the surface gravity of the black hole event horizon.
Introduction
The Gödel universe [1] is a cosmological solution of Einstein's equations in 4-dimensions with pressureless dust satisfying weak energy condition, and a negative cosmological constant
where ρ is a dimensionless radial varibale, φ is the coordinate of a Killing field whose orbits are closed curves. α is a parameter determined by the energy density of the dust and the cosmological constant. The space-time (1) is spatially homogeneous but unlike the FRW cosmological solutions, it has a rotation parametrized by α [1] . Infact, a universe with rotation was the principal motivation to this solution. But the peculiar property of this space-time is the existence of naked and closed timelike curves (CTCs) when g φφ ≤ 0.
A few years ago a solution of Einstein's equations without any cosmological constant in the (4 + 1)-dimensional minimal supergravity was found [2] . The bosonic part of the matter consists of a U (1) Chern-Simons gauge field in 5-dimensions. The metric and the U (1) gauge 1- 
where (φ, ψ) are polar angles and j is a parameter. As shown in [2] , this solution mimics the salient features of the 4-dimensional Gödel universe [1] . The solution (2) is homogeneous and has a rotation parametrized by j. Moreover it is evident from Eq. (2) that the Killing fields {∂ φ , ∂ ψ }, whose orbits are closed curves, are timelike for r > 1 2j cos θ and r > 1 2j respectively, thereby giving rise to infinite and continuous sequences of CTCs as in the 4-dimensional Gödel space-time.
A solution, with the same matter content and without preserving any supersymmetry, representing a rotating black hole embedded in the 5-dimensional Gödel universe (2) was immediately found [3] 
where
The gauge 1-form A a is given by Eq. (3). M is the mass parameter of the black hole whereas a characterizes its angular momentum. When M = 0 = a, the metric reduces to the 5-dimensional Gödel universe (2). When j = 0 it reduces to a (4 + 1)-dimensional Kerr black hole with two equal rotation parameters. We shall call space-time (4) as Kerr-Gödel black hole. Gödel type of solutions are interesting in the context of string theory because they are related by T -duality to pp-waves [4, 5] . For discussions of various exotic properties of Gödel kind of solutions in the context of gauged supergravity and string theory see e.g. [3] - [12] .
The conserved charges and their variations for the Kerr-Gödel black hole (4) were computed in [13] . The resulting Smarr formula was in full agreement with the first law of black hole thermodynamics (with the horizon temperature given by the surface gravity κ, and entropy by horizon area) like the 4-dimensional black holes. To get further insight, therefore, the study of quantum phenomena like Hawking radiation [14] from the Gödel black hole would be highly motivating. In [15] the massless scalar field perturbation of a Schwarzschild-Gödel black hole (a = 0, in Eq. (4)) was studied showing that stable quasinormal modes exist only in the small j limit. The parameter space of the Kerr-Gödel black hole was analyzed numerically in [16] . Recently, the Hawking radiation from the Kerr-Gödel black hole were studied in [17, 18] for a massless scalar field. In this letter we wish to study Hawking radiation for this space-time via semiclassical tunnelling method [19] .
The semiclassical tunnelling method is an alternative approach to model particle creation by black holes [20] - [40] . This method has been successfully applied to s-wave scalar emissions for a wide class of black holes e.g. [29] - [33] , to spinor emissions e.g. [35] - [39] 1 . Here we shall concentrate on both scalar and spinor.
The basic scheme of the semiclassical tunnelling method is to compute the imaginary part of the 'particle' action which gives the emission probability from the event horizon. From this emission probability one identifies the temperature of the radiation. The earliest works in this context can be found in [20, 21, 22] . Following these works, an approach, called the null geodesic method, was developed [23, 24] . There exists, also, another way to model black hole evaporation via tunnelling called complex path analysis [25, 26, 27] which we wish to apply here. This method involves writing down, in the semi-classical limit 'h → 0', a Hamilton-Jacobi equation from the matter equation(s) of motion, treating the horizon as a singularity in the complex plane (which is a simple pole for all known solutions) and then complex integrating the equation accross that singularity to obtain an imaginary contribution. This method would be quantitatively outlined in due courses in the following sections.
To avoid any breakdown of causality by the presence of the CTCs, at least for finite r, we shall assume weakly rotating Gödel background, i.e., O(j 2 ) terms will be ignored for finite r [15] . It can be seen in Eq. (4) that by doing this one pushes the CTCs off to large distances. The metric (Eq. 4) has two spherically symmetric horizons (r H , r in ) defined by ∆ = 0. Neglecting O(j 2 ) terms they are expressed as
Here r H is the black hole event horizon, and r in < r H is the inner horizon. We will be concerned only with r H . The surface gravity (κ) of the event horizon is
The letter is organized as follows. In the next section we compute the semiclassical tunnelling probability and Hawking temperature for a massive scalar particle in the zeroth order approximation using complex path analysis. In Sect.-3 we present a suitable basis expansion of the γ-matrices in our space-time (4) and compute the tunnelling probability and the temperature for a massive, charged Dirac spinor. We shall assume the matter to be back reactionless. We shall work in a unit in which c = 1 = G, but will retainh throughout.
Scalar emission
We begin by considering the massive Klein-Gordon equation
where g is the determinant of the metric. For the ansatz
in the zeroth order of the semi-classical limit 'h → 0', Eq. (7) takes the form
Since the space-time (4) has three Killing fields {∂ t , ∂ φ , ∂ ψ }, we may make the following ansatz for the mode
Also, the inverse metric for the Kerr-Gödel space-time (4) has the form
Substituting the ansatz (10) and the expressions for the inverse metric coefficients (11) in Eq. (9), we obtain the following Hamilton-Jacobi equation
where, similar to the 4-dimensional Kerr black hole, the function
can be interpreted as the coordinate angular velocity dψ dt , of a particle moving along the timelike vector field
To compute the tunnelling probability we have to compute the imaginary part of U (r, θ) [25] . We note that the right hand side of Eq. (12) has singularities at the black hole event horizon (r H ), i.e., when ∆ = 0, and/or at θ = 0, π. Hence the imaginary contribution to U (r, θ) may come from both the singularities via complex integration.
Let us first consider the horizon. In the near horizon limit ∆ → 0, the right hand side of Eq. (12) becomes effectively spherically symmetric (since on the horizon ∆ = 0 everywhere, even the axial singularities have no contribution). One possible way to make the left hand side correspond to this spherical symmetry is to assume U (r, θ) = V (r) + W (θ), so that the first term becomes manifestly spherically symmetric whereas the second term does not. Thus on the horizon we must put ∂W (θ) ∂θ = 0. Hence infinitesimally close to the horizon Eq. (12) effectively becomes
where the + (−) corresponds to the outgoing (ingoing) mode. Now we integrate Eq. (14) across the horizon using complex path analysis [25, 26, 27] . We lift the singularity to complex plane : (r − r H ) → (r − r H ± iǫ) and bypass the event horizon around an infinitesimal semi-circle. For both outgoing and incoming particle we choose anti-clockwise contours. After complex integrating Eq. (14) around r H we find
where Ω H = Ω(r H ). Recalling the sign convention for an outgoing or incoming particle, the ansatz made in Eq.s (8) and (10), and the fact that W (θ) is trivial at the horizon, the emission (absorption) probabilities P E (P A ) across the horizon are expressed as
It follows from Eq. (16) using Eq. (15),
We note in Eq. (17) that PE PA ≪ 1. This can be understood as the 'smallness' of quantum effects. Infact by defining proper normalization one may take P A → 1.
The factor (E − λΩ H ) appearing in Eq. (17) is proportional to the eigenvalue of the Killing 1-form (∂ t − Ω H ∂ ψ ) a which is future directed null at the horizon, and future directed timelike infinitesimally outside it. Hence (E − λΩ H ) ≥ 0 infinitesimally outside the horizon for a timelike or null particle. Therefore (E − λΩ H ) can be interpreted as the energy of the particle as measured by an observer moving along that Killing field. Depending on λ > 0 (λ < 0) the observer rotating with the black hole sees the emitted particle moving along (opposite to) his/her direction of rotation and therefore measures the energy of the particle reduced (increased) by an amount λΩ H . With the factor (E − λΩ H ) being regarded as the energy of the emitted particle, we now identify from Eq. (17) the temperature of the emission or the Hawking temperature of the event horizon, which after using Eq. (5), takes the form
One immediately identifies from Eq.s (6) and (5) that
. This is in full agreement with the predicted thermodynamic behaviour of the Kerr-Gödel black hole [13] . The θ independence of Eq.s (17) and (18) can be understood as the manifestation of the spherical symmetry of the horizon. Calculation of this temperature by null geodesic method can be found in [16] . j = 0 in Eq. (18) recovers the temperature of a 5-dimensional Kerr black hole, whereas a = 0 recovers the result for a Schwarzschild-Gödel black hole. Now let us consider the axial singularities at θ = 0, π of Eq. (12) outside the horizon (∆ = 0). The arguements similar to those which led to Eq. (14) for the horizon singularity, now give
Complex integrating Eq. (19) across θ = 0 or θ = π we find
Since W (θ = 0, π) is real, no question of tunnelling occurs across the axial singularities, which is indeed, expected.
Spinor emission
The Dirac equation for a massive spinor in a curved space-time (or in the flat space-time written in an arbitrary coordinate system) is given by
For a spinor with a charge q, minimally coupled to a gauge 1-form A a , the gauge covariant derivative operator D a is defined as
Here ∂ a are the ordinary derivatives and Γ a are the spin connection matrices
where ω are the Ricci rotation coefficients. For some choice of orthonormal bases e (µ) a , ω a(µ)(ν) := e (µ) b ∇ a e (ν)b . For the Gödel black hole we are considering, A a is given by Eq. (3). Now and hereafter the Latin indices will represent space-time and the Greek indices in parenthesis will represent (local) Lorentz frame. So the γ (µ) appearing in Eq. (23) correspond to the Minkowski space (which is (4 + 1)-dimensional in our case) satisfying the anticommutation relation
where η (µ)(ν) = diag{−1, 1, 1, 1, 1} is the (4 + 1)-dimensional Minkowskian metric and I is the identity matrix. On the other hand, the γ a appearing in Eq. (21) can be expanded as γ a = e (µ) a γ (µ) . Then, from the definition η (µ)(ν) e (µ) a e (ν) b := g ab and from Eq. (24) we obtain a generalized anticommutation relation
To proceed further, therefore, we have to choose a suitable representation of γ a subject to Eq. (25) . We choose the following expansions
γ (4) is defined to be the fifth spacelike γ-matrix in the (4 + 1)-dimensional Minkowski space-time satisfying the algebra of Eq. (24) . With this, the expansions of γ a made in Eq. (26) satisfy the desired algebra (Eq. 25) corresponding to the inverse metric in Eq. (11) . Since g tφ ∼ O(j 2 ), we shall ignore it afterwards.
An usual representation of γ (µ) (µ = {0, 1, 2, 3}) is
The σ are the Pauli spin matrices
We have yet to choose a suitable representation of the fifth spacelike matrix γ (4) . We simply choose γ (4) = γ 5 , i.e.,
It can be easily verified that γ (4) is Hermitian (like the other spacelike γ's) and satisfies Eq. 
Inserting the ansatz (30) into Eq. (21) and taking the semiclassical limit 'h → 0' we get
where A φ and A ψ are the components of the gauge 1-form given in Eq. (3). Now making the usual ansatz as before
and using Eq.s (26), (27) , (28), (29) we get from Eq. (31) the following set of four equations after neglecting O(j 2 ) terms
For nontrivial solutions of Eq. (21), A and B cannot be identically zero everywhere. Hence we can compute A B from Eq.s (33) and (34) to obtain
, and
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The function Ω(r) =
has the same interpretation as in the scalar case. Equating the two expressions for A B we get
where as before, the + (−) sign refers to the outgoing (incoming) particle. To compute the tunnelling probability we have to compute the imaginary part of U (r, θ). To this end we again apply complex path analysis and follow the same procedure as in the previous section. Using Eq. (11), we see that Eq. (38) has singularities at the horizon (r H ), i.e., when ∆ = 0, and/or at θ = 0, π. Let us first consider the horizon. The ∆ = 0 singularity makes the right hand side of Eq. (38) spherically symmetric and again we can write U (r, θ) = V (r) + W (θ) infinitesimally close to the horizon. Now using complex integration we find from Eq. (38)
where Ω H = Ω(r H ).
On the other hand, for nonzero A and B the Eq.s (35) and (36) are identical. Therefore integrating either of them we get only one possible W (θ) at the horizon. Using this fact and recalling the sign convention for outgoing (incoming) particle, and the ansatz in Eq.s (30) , (32) , the emission (absorption) probabilities P E (P A ) across the event horizon (r H ) have the form
So it follows using Eq.s (39) and (3),
The additional term
H Ω H appears in the expression of the energy in Eq. (41) due to electrostatic attraction/repulsion. Eq. (41) gives the Hawking temperature (T H ) and it is identical to that of the scalar (Eq. 18). Similar analysis can be performed for a spin-down particle giving the same Hawking temperature.
Due to the spherical symmetry of the horizon the axial singularities θ = 0, π have no effect on the emission probability from the horizon. On the other hand, it can be checked as before that those singularities do not give any imaginary contribution to U (r, θ), outside the horizon.
Discussions
In this work we have discussed the emissions of massive scalars and massive charged Dirac spinors from the rotating Gödel black hole by the semiclassical tunnelling method. The emission probabilities and the Hawking temperatures were computed. For both spinor and scalar the expressions of the Hawking temperature are the same (Eq. (18)) and they do not contain any parameter (mass, charge, spin) of the matter. This is due to the fact that we ignored back reaction. The results are in full agreement with the thermodynamic Smarr formula for the Gödel black hole [13] . One important thing to note is the effect of the rotation of the background (parametrized by j) on emissions. For simplicity we take a → 0 in Eq. (18) to get
This shows an increment in the Hawking temperature with j. Thus the scalar or neutral spinor emission probabilities (given by Eq. (17)) also increase with j. This can naively be interpreted as the 'centrifugal' effect on the particles due to the rotation of the Gödel background.
